INTERSECTION PROPERTIES OF OPEN SETS, II 
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Abstract. A topological space is called P 2 (P3, P< w ) if and 
only if it does not contain two (three, finitely many) uncount- 
able open sets with empty intersection. We show that (i) there are 
O-dimensional P <UJ spaces of size 2 W , (ii) there are compact P <UI 
spaces of size ivi, (hi) the existence of a ^-like examples for (ii) is 
independent of ZFC, (iv) it is consistent that 2^ is as large as you 
wish but every first countable (and so every compact) Pi space has 
cardinality < io\ . 



1. Introduction 

In this paper we continue the investigations started in [Q. There P2 
spaces, i.e. spaces having no two uncountable disjoint open subsets, 
were considered. We solve some problems which were left open in that 
paper and strengthen some of its results. First we introduce some 
strengthenings of notion P 2 . 

Definition 1.1. A topological space X has property P n , where n is a 
natural number, if it is Hausdorff and given open sets Uq, Ui, . . . , U n -\ 
with (l{Ui : i < n} = we have \Ui\ < uj for some i < n. We say X 
is P <UJ if and only if it is P n for each n < to. The space X is called 
strongly P2 provided the intersection of two uncountable open sets is 
uncountable. 

Clearly P m spaces are P n for n < m and strongly P 2 spaces have 
property P <ul . 

In section ^| we construct P <tJ -spaces: a O-dimensional one of size 
2 W and two locally compact, first countable examples of size U\. One 
of the ZFC constructions of locally compact P <u) spaces is due to S. 
Shelah || and it is included here with his kind permission. 
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In section |3] we will see why the construction of a compact P 3 space 
can be expected to be much harder than that of a P 2 one: a \l/-like 
example (see the definition |1.2| below), which worked in the P 2 case, 
can not be constructed for the P3 case in ZFC On the other hand we 
show (corollary |3.10| ) that it is consistent that 2 W is as large as you wish 
and there is a \l/-like P <w -space of size 2 W . 



UJ 



we 



Definition 1.2. (1) Given an almost disjoint family A C 
define the topological space X[A] as follows: its underlying set is uiUA, 
the elements of u are isolated and the neighborhood base of A G A in 
X[A) is B A = {A U {A} \ n : n G uj}. (2) A topological space is 
like if and only if it is homeomorphic to X[A] for some almost disjoint 

r -1 U) 

Ac to . 

It is straightforward that \l/-like spaces are locally compact, first 
countable and O-dimensional. 

In section |] we present the proof of a partition theorem below the 
continuum which was used in j| to show the it is consistent that 2^ 
is big but every first countable (and so every compact) P 2 space has 
cardinality < co> 2 . 

Finally, in section |5] we strengthen this result (and solve problem 10 
of H) by showing that it is consistent that 2 W is as large as you wish 
but every first countable (and so every compact) P 2 space is of size 

< UJi. 

We use standard topological notation and terminology throughout, 
cf[|. 

We would like to thank for the referee for his helpful suggestions and 
comments. 

2. ZFC CONSTRUCTIONS OF P <W -SPACES 

Proposition 2.1. There are O-dimensional P <w spaces of size 2 W . 



First proof of proposition \2. 1\ . We show that the space X from ||, the- 
orem 3] is in fact P <w . To start with, we recall its definition. Fix 

an independent family T C 00 of size 2 U . The underlying set of X 
will be uj U where the elements of u are isolated. The neighbor- 

r 1 <^ 

hood base of F G T will be B F = {V F (g) : Q G [J 7 \ {F}\ }, where 
V F (G) = {F} UF\UQ. If U-7 7 = w then X will be O-dimensional and 

Let Uq, • • • , U n ^\ be uncountable open subsets of X. For each i < n 



we can find {F* : v < Ui} C T and {Q % v : v < toi} C 
Fl £ gt, the Fl are all distinct and V F i(Gl) C U { . 



such that 
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r -I <uj 

Define the set mapping / : u\ — ► u)\ by the stipulation 
/(i/) = {/i : 3j < n F* G (J Qt}- 

i<n 

Since the are different we have |/(^)| < n\\J i<n Q l u \. By Hajnal's 
theorem on set mappings (||) there is an uncountable /-free subset 
/ of u>\. Let uq, . . . , v n -\ be different elements of /. Then {F^ : j < 

n}nUi<„^ = 0, so 

Mn^\n(U &*) = n v^ioij n, c n u it 

j<n i<n i<n i<n 

which completes the proof. □ 



Second proof of proposition 2A. Consider the space DU{p} where \D\ = 
2 W , the elements of D are isolated, and the co-countable subsets of D 
forms the neighbourhood base of p. 

Let us recall the following theorem || theorem 4.4.4]. 

Theorem . If X is a P -space (i.e. the intersection of countable many 
open sets is open) with w(X) < 2 W then X can be embedded into j3uo\uo. 

According to this theorem the space D U {p} can be regarded as a 
subspace of (3uj\oj. Consider the subspace Y = uUD of (3uj. If U is an 
uncountable open subset of (3uj with \U f\Y\ > u> then \U D D\ > u, so 
p G U fl D. But us is dense in f3u, soUnDcUHuj. Hence p G U D u, 
i.e., U fl oj G p. (Remember that the elements of flu \ ui are just the 
ultrafilters on ui). But the intersection of finitely many elements of p 
is not empty, so Y is P <UJ . □ 

Proposition 2.2. There are first countable, locally compact, scattered 
P<u) spaces of size u)\ . 

We present two different examples. The first is due to S. Shelah 0. 

First proof of proposition \2.2{ . The underlying set of our space X will 
be u>i x oj. For x G UJ\ Xuj write x = (tt (x), tti(x)). For A C u)\ x uj and 
i < 2 put TTi(A) = ir"A. If a < uj\ let Y a = {a} x uj and X a = a x uj. 
Let Pq be the family of pairs p = (A, f) which satisfy (i)-(iv) below: 

1 <U) 



i A G 



Wl X w 



(ii) / is a function, / : A x A — > 2. 

To formulate (iii) and (iv) write U(x) = U p (x) — {y G A : f(y,x) = 1} 
for x G A. 

(iii) x G U(x), U(x) \ {x} C X noix) , 

(iv) x EU(y) implies U(x) C U(y). 
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For p = (A, f) and q = (B, g) from P let 
P <o Q if an d only if A D B, 

Vx,y,z , . . .,zi-i G B 

if U%x)nUi(y) = [j j< iU^z j ) 
then U p (x) n f/ p (j/) = Uj<; U p (zj) 

For p6 ? let 



W(p) = {(s,s) G A p x 



: S C ^7r (a:)} 



For w = (ar, s) G W(p) let 6(w) = x and = \ U^s 

Let 

D(p) = {(w , Wl ) G W(p) x W(p) : n (b(w )) < n (b( Wl ))}. 

Now let P be the family of triples {A, f, d), where (A, f) G Pq, d is 
a function, d : T>((A, /)) — > c<j, such that 

(1) if d((u? ,wi)) = ^((^o,K)) then 7r (&(u>i)) ^ n (b(w[)), 

(2) if d((u> ,MJi)) = d(( w bi w i))i a ^ 7To(^4-) an d a < vr (6(wo)) < 
7r (6(ti4)) then 

f/ p («;o) n f/ p K) n Y a ^ 0. 

Write p = (A p ,f p ,d p ) for p e P. If p = (A,f,d) and g = (B,g,e) 
are from P take p < g if and only if (A, /) < (B,g) and d D e. Let 
V-(P,<). 

For a < wi let P a = {p G P : a G 7r (A p )} and £ = {E a : a G uji}. 

Lemma 2.3. (ZFC) There is an V -generic filter over £. 

Proof. This follows from [Kj, or Velleman's cu-morass (a weak form of 
Martin's axiom provable in ZFC, see |TI|| ) can be applied for V and £. 
We explain the second argument more explicitly. By [|TT|, Theorem 3.4] 
it is enough to prove that 8 is weakly cu-indiscernible for V (see JTT| , 
Definition 1.5]). 

For n < uj, a < iO\ and an order-preserving function / : n — ► 



p 



P„ as follows. 



For x = 

n x uj 



\v, m) G n x uj let 



let o~f((x, s)) 



a define 07 

<Jf(x) = (f(is),m). For (x,s) G (n x uj) x 

(a f {x),a" f s). For p = (A, /, d) G P take a f (p) = (a" f A, f,d') G P, 
where f'(a f (x), a f (y)) = f(x,y) and d'{{a f (w),af{w'))) = d((w,w')). 

We should check conditions [11], Definition 1.5] (1)— (5). All but (5) 
are clear. So let s < n < uj, f = f(s,n) (i.e. dom(/) = n, f(i) = i for 
i < s and f(i) = n + i — s for i > s) and p G P n . We need to find a 
common extension of p and q = 07 (p). 
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Let B = A p U A q and g : B x B — > 2 be the function denned by 
the stipulation g^{l} = f p l {l} U f q l {l}- Clearly r = (B,g) is a 
common extension of p~ = (A p , f p ) and q~ = (A q , f q ) in Vo. Now for 
each W = (w ,Wi) E V{p) \ V(q), w\ = (w ,w[) E V(q) \ V(p) and 
a E 7r (i?) with d p (w ) = d q (Wi) and a < n (b(w )) < TTo(b(w[)) pick a 
different element zr^ 0i ^ 1>a \ EY a \B. Extend r to r' — (B',g') E Vo by 
adding the points z^ nJo ,w 1 ,a} to B in such a way that for any x E B we 
have -2{uj 0i uj ljQ } G U r (x) if and only if b(w ) E U r (x) or 6(u4) E U g (x). 
Finally, taking d = d p U d q we choose c?' : P(r') — > u such that d' D d, 
ran(rf' \ d) n ran(rf) = and d' \ d is 1-1. Now r* = (B',g',d') is a 
common extension of p and q = o~f (p) in P. □ 

Let £ be an S- generic filter over V. The set A = \J{A P : p E Q} is 
uncountable because n (A) = uj\ by the genericity of Q. Take U(x) = 
\J{U p {x) : x E A p } and 

B x = {U(x)\[jU (zj) : I < u, z , . . . Zi-x E X <7To{x) n A}. 

3<l 

Let X = (A, r), where B x is the neighborhood base of x in X. 

It is straightforward that X is scattered, O-dimensional and locally 
compact. 

Finally we show that X is strongly Pi. Let 

W = {(x,s) G A x [a] <W : s C X^ o(x) }. 
For w = (x, s) E W put Z7 W = C/(x) \ U U{x'). 

x'&s 

Assume now that Vq and V\ are uncountable open subsets of X. We 

2 



w 



such that 



can find a sequence 5 = {(u>q,u>") : a < c^} C 

(i) U w a c Vi for i < 2 and a < u>x, 

(ii) a + l = 7r (6K)) <7r (&«)). 

Let <i = U{^ P : V G £}• Then <S C dom(<i), so there is an uncountable 
/ C 0J\ such that d is constant on {(wq,w") : a E I}. Then, by the 
definition of V, we have U w o fl U w i f)Y a ^ for a < [3 E P So the 
intersection Vo and V\ is uncountable. □ 

Second proof of proposition \2.£\ . The construction will be divided into 
two parts. First we introduce the notion of a-good spaces and we show 
that cJi-good spaces are P <UJ . Then in the second part we construct an 
cji-good space in ZFC. 

Definition 2.4. Let X = (u x u, r) be a locally compact scattered 
topological space of height v < uj\ such that the a th level of X is just 
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X a = {a} x u. Write — v x {n}. We say that X is v-good if and 
only if 

(a) iW 

is a closed subspace of X and the natural bijection between 
X^ and v is a homeomorphism, 

(b) for each limit ordinal (3 < v and each a < (3 if x G X/3 and {7 is 
an open neighborhood of a; then the set 

K x ,u, Q = {n G uo : [/ n i w n ( |J x 7 ) = 0} 

«<7</3 

is finite. 

Lemma 2.5. Tin uj\-good space X is strongly P2. 

Proof of lemma |T^. Write X <a for \J u<a X u . Let {7 and V be uncount- 
able open subsets of X. Let 

I = {n G W : {a : (a, n) G £7} is stationary}. 

By (a) we have | U{^ (n) : n e 1} \ U\ < lu. Since the ideal XS 1 ^ is 
cr-complete, the set A = {a < u)\ : 3n G \ I (a, n.) G £7} is not 
stationary. Hence there is a < iO\ such that U D X Q C {a} x 7. But 
X a is dense in X \ X <a , so ?7 fl X a is dense in U \ X <a . It follows that 
I is infinite. 

We show (U n V) \ X <a ^ for each a < u t . 

Indeed pick y G VDXp where a < [3 is limit. By (b) the set K y y ;0l is 
finite, so we can choose n G I\K y y a . Then VnX( n )n(X </3 \X <Q ) ^ 0. 
But |XW \ C/| < w, so V n £/ H (X </3 \ X <a ) ^ provided that a is 
large enough, which completes the proof of the lemma. □ 

So it is enough to construct an c^-good space. 

Lemma 2.6. If v < uj\ and X = (y x uj,t) is a v-good space then 
there is a v + 1-good space Y such that X is a subspace ofY. 

Proof of lemma |g. 6j . First recall that X is collectionwise normal be- 
cause it is countable and regular. During the construction we have to 
distinguish two cases. 

Case 1. v = [i + 1. 

Let {x n ^i : n, i < u} be a 1-1 enumeration of {yu} x uj. The family 
{x n ^ : n, z < u} is closed and discrete, so applying the collectionwise 
normality of X we can find a closed discrete family {U nt i : n, z < u>} of 
clopen subsets of X with x nj j G Z7 n) ». Take W n ,% = {(v,n)} U \J{U n j : 
i < J < Let the neighborhood base of (u, n) in Y be W n = {W^j : 
i < oj}. 
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Case 2. v is limit. 

Let {jn : n < u} be a strictly increasing, cofinal sequence in v. By 
induction choose ordinals 5 n < v and distinct points {x n s : n < i < 
uj} C X such that 

(i) 7„ < 5 n , 

(ii) £n,i e (5„ \7«) x {n}. 

Put i? n = (u\5 n ) x {n}. Then T = {E n : n G dj}U{x ni j : n < i G cj} 
is a closed, discrete family of closed sets because for each a < v the set 
{F G T : FnX <a ^ 0} is finite. Applying the collect ionwise normality 
of X we can find a closed, discrete family {U n : n G u} U {V^i : n < i < 
uj} of clopen subsets of X such that _E n C f/ n and a;^ G V^^. For each 
x = (a,m) G X fix a countable neighborhood base B x of x containing 
only clopen subsets of X< a . The neighborhood base of (z/, n) in Y" will 
be generated by the sets 

u ;,.,,,/,. = ( |J v n>i ) u (u n \ b) 

where n<j<u,y^U n and B a B y . It is easy to see that Y satisfies 
the requirements □ 

Now define, by induction on v, z/-good spaces X v for v < uj\ which 
extend each other. For successor v we can apply lemma |2.6| . For limit 
v we can simply take the union. □ 

3. ^J-LIKE SPACES 

All examples of locally compact P2 spaces in 0, theorem 3,4 and 8] 
are \l/-like. In this section we will see why the examples of first count- 
able, locally compact P <UJ spaces constructed in the previous section in 
ZFC are not \I/-like. 

Theorem 3.1. If MA^^a -linked) holds then there is no ^-like P3- 
space. 

Theorem |3.1| follows from the following combinatorial result. 

r i w 

Theorem 3.2. (M A K {o -linked)) If {F a : a < k} C uj is an almost 
disjoint family then uj and k have partitions (ao, a±, 02) and (Iq,Ii,I 2 ) , 
respectively, with |aj| = ui and |Xj| = k such that 

V? G 3 Va G 2i \F a n ai| < to. (*) 

Remark . As the referee pointed out, MA(a-centered) does not imply 
this statement because the strong Luzin property (see definition |3.8| be- 
low) of an almost disjoint family is preserved by any cr-centered forcing. 
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As it was recalled in M partitioning co into two pieces is also not enough: 



a Luzin gap , i.e, an almost disjoint family {Bp : (3 < coi} C 



CO 



such 



that for each B G 



CO 



either the set {(3 < cox : \Bp fl B\ < co} or the 
set {(3 < to i : \Bp \ B\ < co} is at most countable, can be constructed 
in ZFC. 



Proof of theorem \3J$. For I C n write Fj = Uae/ F a . Define the 
poset V = (P, <) as follows. Its underlying set P consists of 7-tuples 
(m,Ai,Ii : i E 3) satisfying (i)-(iii) below: 

r i ^ u r i 

(i) m E co, Ai E co , Ii G k , 

(ii) (A , Ai, A 2 ) is a partition of m, 
(hi) -F/. fl Fj. C m for i ^ j. 

Write p = (m p , A\, If : % G 3) and P = (J i6 3 If for p E P. Given 
p, g G P we set p < g if and only if 

(a) m 9 < m p , 

(b) A\ = A? fl m 9 for z G 3, 

(c) If C If for z G 3, 

(d) Fj9 n (A P \ AI) = for i G 3. 

Obviously < is a partial order on P. 
For m E co and i G 3 put 

D m>i = {pEP:A P \m^®} 

and 

D m = {p 6 P : m p > m}. 

Lemma 3.3. Vm G co> Vz G 3 Vg 3p G P m ,i p < q A P — I q . 

Proof. Let q E P with C m. We can assume that m > m q . Pick 
m* E (co \ Fjq) \ m. Choose a function / : [m q ,m*] — ► 3 such that 
f(m*) = i and k ^ Fjq for k E [m q ,m*). Such a function exists by 



}{k) 



in 



Let Aj = A] U /"Hi) f o r 3 < 3 and p = (m* + 1, A h F] : j G 3). 
Obviously p E P and m* witnesses p E D m ^. Moreover, p < q. Indeed, 
conditions (a)-(c) are trivial and (d) holds because A v - \ A'j = f _1 {j}- 

□ 



Lemma 3.4. Vm G co Vg 3p E D m p < q A P = I q . 



Proof. Straightforward by lemma [O 



□ 



Lemma 3.5. If a I q then for each i E 3 there is ap < q with a E If. 
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Proof. We can assume that i — 0. Fix m G uj with F a fl C m. 
Using lemma |3.4| pick r G P> m such that r < q and J 9 = P. Put 
p = ^m r , A^' : j G 3, 7q U { a }, ^T> ^2)- Then p E P because (iii) holds 
by F a fl i 7 /p\{ Q } = F a fl F/8 C m C m r = m p . Since p < q is trivial, the 
lemma is proved. □ 

For a G k put 

^ = {pG?:/fn [wa, wa + u) ^ 0} 

and 

E a = {peP:ae P}. 
Lemma 3.6. Both E a i and E a are dense in P. 



Proof. Straightforward by lemma |3.5| . □ 
Lemma 3.7. P is a -linked. 

Proof. By MA W1 (u-linked) we have k < 2 W and so we can choose 
a countable dense set D in the product space 3 K . For each p = 
(m, A, Ii : i G 3) G P pick d p E D such that d p (a) = i whenever i G 3 
and a G Jj. 

Let p and pi be elements of P, = (m^ , // : z G 3^>. We show 
that if 

(1) m° = m 1 , 

(2) A° = 4 1 for % G 3, 

(3) dp d,p ± , 

then p an d Pi are compatible. Clearly this statement yields that P is 
cr-linked. 

Let P = U H for j G 2 and I — 1° fl I 1 . Fix first m' > m with 

P 7 o U n P/i V C m'. (f) 

If G [m,m') and J G 2 then, by (iii), there is at most one ij(k) G 3 
with k G Prj . Choose g(k) G 3 \ {io(&)j Then k 4. Fjo UI i . 

ij(k) ' ff(fc) »W 

Define the partition (A' , A[, A' 2 ) of m' by the equations A\ = A^ U 
<7 _1 {*} for z < 3. 

Put p= (m' , A'i, I? U I} :i G 3). 

Check first p £ P. Conditions (i) and (ii) are trivial. Since If D I — 
1} fl I by (3) we have 

Fjo^inFjo = (P / o n/ nP / o)U(P J i\ / nP / i)U(P / o u nP / i\ J ) C mUmUm' = m' 

by (iii) for po and pi and by (f). Thus (iii) holds for p. Finally we show 
that p is a common extension of p and p\. Conditions (a), (b) and (c) 
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obviously hold. But A?\Af = = g~ l {i} and g-^ijnFjo^o = 

by the choice of g, so (d) is also satisfied. The lemma is proved. □ 

We are now ready to conclude the proof of the theorem. Let 
V = {D m , D mi :mGw,i£3}U {E a , E a ^ :a£ft,i£ 3}. 



By lemma p.3fj3.6| , T> is a family of dense subsets of V. Since V is 

cr-linked, My4 K (cx-linked) implies that there is a D-generic filter Q over 

V. Put a, = U-Uf -P^Q} and J, = \J{If : p E G}. Then (ii) and (b) 

imply dj fl aj = for i ^ j. Since P m n ^ 0, we have ao U ai U a 2 D m. 

Moreover D m) j fl ^ implies a, G: m. Thus (a , cti, 02) is a partition 

of w into infinite pieces. Similar arguments show that {Xq,Xi 1 X 2 ) is a 

partition of k into subsets of size k. 

Finally let i G 3 and a G Z,. Pick g G Q with a G J/. Then 

F a nai C F J? naj= U (^n^)ci 9 Cm 9 by(d). □ 
p&G,p<q 

By the previous theorem the existence of a \l/-like P3 space of size uj\ 
is not provable in ZFC On the other hand, we will see that it is also 
consistent that 2^ is arbitrarily large and there is a \l/-like P <a; -space 
of size 2 W . 

We start with a definition. 

r i ^ 

Definition 3.8. Let A C uj be an almost disjoint family. We say 
that A is a strong Luzin gap if and only if given finitely many un- 
countable subsets Ao, . . . , A n -i of A we have that f| (U Ai) is infinite. 

i<n 

It is easy to see that A is a strong Luzin gap if and only if the 
corresponding \l/-like space X[A] (see definition |1.2|) is P <0J . 

In ||, theorem 6] a Luzin gap was obtained by a c.c.c forcing due to 
Hechler §. 

We show that this almost disjoint family is in fact strongly Luzin. 
First we recall some notations and definitions from HI. Let k > uj be 



a fixed regular cardinal. Write T> 



x k. Let 



P = {p : p is a function, dom(p) G T>, ran(p) C 2} 

If p, p' G P, dom(p) = A x n, dom(p') = A' x n' put p < p' if and only 
if p D p' and for each k G n \ n' we have |{a : fc) = 1}| = 1. 

If Q is P-generic then let A a = {k : 3p G p(a,k) = 1}. Take 
•A[(7] = {-4 Q : a < k}. 



Lemma 3.9. A[Q] is a strong Luzin gap in V p . 
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Proof. Assume on the contrary, that n and m are natural numbers, 
p\\ — "{z>j : % < n} are injective functions from uj\ to n and 



fl U C m." 



(*) 



For each a < uj\ pick p a <p p and z/ Qji G u)\ for i < n such that 
p a H — "t'j(a) = i> Qi i for each i < n." 

Without loss of generality the v a ^ are pairwise different. Let dom(p a ) ; 
D a x k a . We can assume that k a are independent of a, k a = k > in, 
{D a : a < oji} forms a A-system with kernel D, \D a \ = \Dp\, {v a ,i '■ 
i < n} C D a \ D and denoting by a a ^ the unique order preserving 
bijection between D a and Dp we have that a a> p gives an isomorphism 
between p a and pp and cr a) p(v at i) = Up t i for i < n. 

Let a < . . . a n -\ < ujx. Define the condition q G P as follows: 

1. dom(g) = (U<n AO x k + 1, 

2- g D U Pa,, 

3. q(v au i, k) = 1 for z < n, 

4. fe) = provided (eU^,\ i>a ,o, • • • , ^a n _i,n-i}- 

Then g is a condition which extends p ai for i < n, but q\\ — k G 
f] i<n A Ua . which contradicts (*) because k > m. This concludes the 
proof of the lemma. □ 



This lemma yields the following corollary. 

Corollary 3.10. If ZF is consistent then so is ZFC + 2 U = k is as 

large as you wish + there is a ty-like P <UJ space of size 2 W . 

4. A POSITIVE PARTITION THEOREM BELOW 2 U 

In this section we present the proof of a theorem of Szentmiklossy 
which was announced and applied in [ffl. 

Given A, B C k we denote by [A;B] the set {{a,j3} : a G A, (3 G 
B,a<(3}. 

Definition 4.1. Given cardinals k, A and fi the partition relation 

r i A 

K 



k — > (( A; A) J holds if and only if V/ : k — ► \i 3A, B G 
3£ < fi (tp(A) = tp(B) = A A sup A < sup B A /"[A; 5] = {£}). 

Theorem 4.2. If ZF is consistent then so is ZFC + 2 W = k > oj^ 

u 3 — > ({ujx;ux))I x . 
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The proof is based on the following lemma. To simplify its formula- 
tion we write P = Fn(u;3, u\\ u>i). For f,g,h&Pwe write / = g U h 
to means that / = g\J h and gC\h = 0. 

Lemma 4.3. Assume GCH. If f : [uj^] 2 — > P then there is some 
C G [oj^ 2 and there are elements {p, p(£), q(v), r (£> v) : € C,( < 
i]} G P with the following properties: 

(i) V£ < r, G C /(£, V )=pU p(0 U q(ri) U r(£, rj), 

(ii) V( £ C {/(C) v) : 1 £ C'\( + l} forms a A-system with kernel 
pUp(0, 

(iii) Wr] G C {f(C,v) '■ £ e C fl r?} forms a A-system with kernel 
p U 9(77), 

(iv) £/ie p(£ ) have disjoint supports, 

(v) the q(rj) have disjoint supports. 

Proof of lemma. Fix a large enough regular cardinal r and let N be 
a countable elementary submodel of H(t) = (H(r),G,<) with / G 
N, where H(r) is the family of the sets whose transitive closure has 
cardinality < r. 

r -i <ui 

Let Q = {g G A" : g is a function from c^3 to c<Ji } and 7i = {h G 

r -i 2 

A" : /i maps 003 to c<Ji}. 

Sublemma 4.3.1. There is D C cj 3 0/ order £ype w 2 + 1 which is 
end-homogeneous for all g £ Q and homogeneous for all h <EH. 

Proof of sublemma. By 2 Wl = uj 2 we can choose an increasing sequence 
(N a : a < U2) of elementary submodels of H(t) such that A" G iVo, 
|iV Q | = w 2 and N a 1 C A" Q . 

Since Q, Ti G A" , they have enumerations Q = (g n : n G a;) and 7i = 
(/i n : n G a;) in it. 

Pick an arbitrary x G cj 3 \ sup(A / a , 2 fl 0*3). 

By transfinite recursion on a, define an increasing sequence {x a ■ 
a < u 2 } C u 3 with x a G Af Q such that 

VnVa G [{x^ : (3 < a}] < # n (a, x a ) = # n (a, x). (*) 

This can be done by [a^J C N a -< H(r) and x G cj 3 \ Aq,. 

Color the elements of {x a : a < uj 2 } with the 7i-colors of the pair 
{x Q , x}. 

F{x a ) = (h n (x a ,x) : n < uj) . 

The range of F has cardinality < uo^ = uj\ by CH, so there is an F- 
homogeneous D' C {x Q : a < c<j 2 } of size a; 2 , and it is easily seen that 
D = D' U {x} satisfies the requirement of the sublemma. □ 
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To simplify our notation we will assume that D is just u; 2 + 1. 

Sublemma 4.3.2. V£ < u 2 35(0 < ^2 {f(Z,v) V e tu 2 + 1 \ 5(0} 
forms a A-system. 

Proof of sublemma. For £ < 77 < rf < uj 2 let d(£, 77, rj') = dom(/(£, 77)) fl 
dom(/(£, Then ^(£,77,77') is one of the lo\ many countable sub- 
sets of dom(/(£, 77)), so, by the end-homogeneity, ^(£,77,77') is inde- 
pendent of rf for £ < 77 < rf < uo 2 . Denote this common value 
by h{^,rf). Unfortunately we can't apply the end- homogeneity for 
h(£,r)), because its range may have large cardinality. But we can 
argue in the following way. We know that 77 < rf implies h{^,rf) C 
M£) r l')i because for any 77' < 77" we have dom(/(£, 77))ndom(/(£, 77")) = 
h(C,v) = dom(/(£,77)) ndom(/(e,77')), so h^rf) C dom(/(£, rf)) H 

dom(/(e,77")) = /^(e,V)- 

But h(£,r]) is a countable set, so 

V£ < cu 2 35(0 < ^2 Vt7,77' > 5(0 h(£,ri) = h(£,rf). 

But this means that {dom(/(£, 77)) : 77 > 5(0} forms a A-system with 
kernel h(£,6(£)). But /(£, 77') |7i(£, 5(0) is independent of 77' by the 
end homogeneity, so the functions /(£, V) are pairwise compatible for 
5(0 < rf < "2- □ 

Applying in four steps this sublemma, a A-system argument, transfinite 
recursion and a A-system argument again, we can find a set D G 

■I <^2 

c^2 + 1 with lu 2 £ D such that 

(1) V£ G .D {f(£,ri) : 77 G D \ £ + 1} forms a A-system with kernel 

/AO- Wewrite/(£,?7)=jAOUr+(£,77), 

(2) {p A (0 : £ ^ D} forms a A-system with kernel p. We write 
p A (0 =?U p(0- So /(£, 77) = p U p(0 U r+(£, 77). 

(3) V77 G D Vf , 77' G D fl 77 if < 77' then 

( domp(77) U domr + (£, 77)) fl dom /(£', V) = 0) 

(4) {/(£,cj 2 ) : £ G -D} forms a A-system. 

By the end-homogeneity of D, it follows that {f(C,,i]) : £ G -D fl 77} 
also forms a A-system with some kernel q A (rj) for all 77 G D. Write 
g A (7/) = p U 5(77). 

Consider the increasing enumeration {5„ : 1/ < uj 2 } of D and let 
C = {5 U : v is limit}. 

Claim 1. < 77' < £ < 77 are from D, then dom f (£' , 7/)ndom /(£, 77) 
dom(p) 
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Indeed, /(£, 77) = p U U r + (£, ry) and both dom(p(£)) and domr + ((, 77) 
are disjoint from dom(/(£', r/)) by (3). 

Claim 2. If £' < 77' < 77 are /rom C, i/ien dom/(£', 77') fl domg(7/) = 

Indeed, pick £ 6 D fl (77', 77), observe q(g) C /(£, //), and apply claim 1. 

Claim 3. Ifrj' < rj are from C , then dom(g(?7')) fl dom(g(?7)) = 0. 

Let ('Gfn z/. Then q(r]') C /(£', 77') and apply claim 0. 

Claim 4. If ^ < rj are from C , then dom(]9(£)) fl dom(g(r7)) = 0. 

Indeed, pick 77* < £* G -D fl (£,7/). Then dom(p(£)) fl dom(g(77)) C 
dom/(£, 7/*) n dom(/(£*,77) = by claim 1. 

So if you take r(C,,i]) = f(£,,i]) \ (p(C,) Ug(77) Upj for £ < 77 G C, then 
the set C and the conditions {p, p(£), q(r]), r(£, 77) : £,77 G C, £ < 77} 
satisfy (i)-(v). The lemma is proved. □ 



Proof of theorem We start with a model of ZFC + GCH and fix 
an arbitrarily large regular cardinal k > u 3 . Let C W1 = Fn(u; 1 , 2, oj) and 
consider the poset Q = = (Fn(/c, C^Wi), < w ) where f < u g 

if and only if dom(/) D dom(g), /(a) <c <?(a) for each a G dom(g) 
and I {a G dom(g) : /(«) 7^ <?(«)} | < w (see 0). We will show that the 
model V® satisfies our requirements. 

It is known that V® |= 2 W = k, Q is proper and the cardinals in V 
and in V® are the same (see @). Obviously the next lemma concludes 
the proof. 

Lemma 4.4. V Q \= Vg : L 3 j 2 — ► u x 3A,B C cu 3 tp(A) = tp(-B) = 

cj 2 , sup A = supi? and 3a G tui WS G A 35^ G B g"[S,B s ] = 
{a}". 



0J 3 



to lt)\. 



Proof of lemma. Assume g is a name of a function from 

For each £ < 77 < u>s pick a condition s(£, 77) G Q and an ordinal 

a(£, 77) G cui with 77) H — "#(£,77) = a(£, 77)". We can assume that 

dom(s(£,77)) C oj 3 . 

Fix an enumeration of C U1 in V, {s u : z/ < u>i}, and define a bijection 

F between []^ ^ and Fn(a>3, oj\\ UJ\) as follows: 

F(s) = h if and only if dom(h) = s 

and s(u) = Ch( u ) for all v G dom(/\). 

r 1 2 

Consider now the function / : CU3 — > P defined by the formula 
f(£,v) = F ( s (^v)) x {(^3, ??))}• Formally, the range of / is P x 
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(co>3 x LUx) = Fn(co>3 + l, U\\ lux), but this poset is isomorphic to P. Apply- 
ing lemma |0| we can get a C G [^3]^ and elements {p,p{£,)> ( l{ r l)> r {£i r ]) 
£,77 G C, £ < 77} C C} and a G uj\ satisfying (i)-(v) above and 
a {^il) = a f° r each C, < i] G C. Let A and B be Q-names of sub- 
sets C such that for all £ G C we have [[£ G A]] = U and 
[[77 G £]] = F- X (j9 U q(r])). It is clear that F -1 (p)n— 14 = 1^1 = <*>2- 

Let 5* be a countable subset of A in V^. Since Q is proper, there is 
a countable T in ^ with S C T. 

Let B* = [r] e B : g"[T n A, {t]}] = {a}} and B* be a name for this 
set. 

It is enough to show that F~ 1 (p)n — \B*\ = u>2- Assume on the con- 
trary that r < F^ 1 (p), p G C and r\\ — ll B* C B(lp v , i.e., 5* is bounded 
in B. 

Let £ = dom(p) U dom(r) U U{dom(p(£)) : £ G T}. Pick a E C \ p 
such that dom(g(a) U dom(r(£,cr) H -E = for each £ G T. Since 
r\\ — \S\ = u, there is £ G T such that r and p Up(£) is compatible. 

Let r* = r A (pUp(£) A (g(cr) Ur(£, cr). Then r* forces a contradiction. 

□ 

This completes the proof of the theorem. □ 

5. Models without large first countable P 2 -spaces 

Hajnal and Juhasz j|, Problem 10] asked if it is consistent to assume 
that 2 W > co> 2 and every first countable (or compact) space with prop- 
erty P 2 has cardinality < u\. We give an affirmative answer here. We 
will argue in the following way. First we quote the definition of prin- 
ciple C(k) from J7[, then we show that 0(0*2) implies that every first 
countable P2 space has cardinality < uui, finally we will cite a theorem 
from [^] saying that C^) is consistent with any cardinal arithmetic. 

Definition 5.1. (See J7|.) Let k be an infinite cardinal. We say that 
principle C(k) holds if and only if for each family {A(£, n), -B(£, n) : 
(6K,nGw}c u either (i) or (ii) below holds: 

(i) 3C G [k] K Vn,m G u V£ ^ C € C A(£, n) n B(£, m) ^ 0, 

(ii) 3D, E G \k] K 3n, m G u V£ G D V( G £ A(f , n) n 5(C, m) = 0. 



Theorem 5.2. 7/C(/t) /ioWs i/ien each first countable, separable Haus- 
dorff space X of size k contains two disjoint open sets U and V of 
cardinality k. 

Proof. Let S be a countable dense subset of X. For each x G X fix 
a neighborhood base {[/(x,n) : n 6 w} of 1 in X. Take A(x, n) = 
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B(x,n) = U(x,n) H 5* and apply C(k). Since X is T 2 , there is no 



C e 



x 



X 



and n,m G 



UJ 



satisfying |5J](i). So there are D,E G 
such that [/ (x, n) n U(y, m) fl S 1 = whenever x G D and y <E E. But 5 
is dense in X, therefore U = [j{U(x, n) : x G -D} and V = U{^ (?/; m ) : 
y G -B} are disjoint and of cardinality k. □ 



It was proved in [0] that starting from a model of CH, after adding 
A-many Cohen reals by the poset P = Fn(A, 2, u>), we have that C(u>2) 
holds in V p . Since P 2 spaces are separable as it was observed in the 
proof of j|, theorem 1] , theorem |5.2| yields the following corollary. 



Corollary 5.3. // ZF is consistent then so is ZFC + "2 W is as large 
as you wish" + "every first countable P 2 space has cardinality < Ui" 
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